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Abstract 

We give an interpretation of the cohomology of an arithmetically de- 
fined group as a set of equivalence classes of lattices. We use this interpre- 
tation to give a simpler proof of the connection established in [TT] between 
genus and cohomology. 

1 Introduction. 

Galois cohomology is a fundamental tool for the classification of certain algebraic 
structures. 

To be precise, let A: be a field, G a linear algebraic group acting on a space 
V, both defined over k. It is known (see [4]), that if G is defined as the set 
of automorphisms of a tensor r on V, e.g., a quadratic form or an algebra 
structure, the cohomology set H 1 (K/k,Gx) classifies the K/k-forms of r, i.e., 
those tensors of the same type also defined over k that become isomorphic to r 
over the larger field K (see section . 

It would be reasonable to expect, therefore, that a similar theory were avail- 
able for structures for which the corresponding automorphism group is not an 
algebraic group but an arithmetically defined subgroup of an algebraic group. 

Such a theory is already hinted at in In this reference, two finiteness 
results are proven. The first one deals with the finiteness of the local cohomology 
set H 1 (Q W , T w ), for an arithmetically defined group T. Notations are as in [TT] . 
The second one deals with the finiteness of the kernel of the map 

v place of k 
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where we have fixed a place w(v) of K dividing each place v of k. It is the proof 
of the second result which requires expressing the given kernel in terms of the 
set of double cosets 

Gk\GA k / Y\_^ w 

w 

(see corollary 3.3 in QT]). These double cosets are the same ones that classify 
the classes of lattices in a genus. This is the relation we want to pursue. 

In this paper, we show that the results in are part of a much more 
general theory that relates cohomology sets of arithmetically defined groups 
with certain equivalence classes of lattices in V. 

Let k be a local or number fields, K/k a Galois extension with Galois group 
Q = Qx/k- Let Vk, Gk denote the sets of if -points of V and G (see section [5]). 
We establish the following result: 

Proposition 1.1. There exists a correspondence between Gk-orbits of Q-stable 
lattices in Vk, that are in the same Gk -orbit, and elements of 

ker (H\g,G%) ±* H\G,G K )), 

where G K is the stabilizer of one particular lattice, and i* the map induced by 
the inclusion (see prop. \5.1\) . 

The cocycles described above can be thought as equivalence classes of lattices 
in the same space. We develop a concept of lattices in other spaces, at least for 
the case that G is the stabilizer of a family of tensors (see 2]). In this context, 
the following result is obtained: 

Proposition 1.2. Assume G is the stabilizer of a family of tensors X on V . 
Then, the set H X (Q,G%) is in one-to-one correspondence with the set of Gk- 
orbits of G -invariant lattices in other spaces that are isomorphic over K. The 
set 

ker (H\g,G K ) ^H\G,G K )), 

where i is the inclusion, corresponds to those lattices that are in the same space 
as Afe (see prop. |5.^[ ). 

The relation between the set of cohomology classes and the set of lattice 
classes is established by taking advantage of the long exact sequence in coho- 
mology that arises from a short exact sequence over K. 

We analyze the cohomology of the general linear group and its relation to 
classification of lattices. In particular, one obtains that the set of G^-orbits of 
free lattices, that are isomorphic over if to a given lattice, corresponds to the 
set 

ker ^H\g K ,k,G K ) H 1 (g K/ k,GL K (V)^j 

(see prop. I5.£>|) . 
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A lattice is defined over k, if it is generated by its fc-points. This is a stronger 
condition that <5if/fc-invariance. It is necessary to look at localizations to obtain 
a cohomological characterization of the set of lattice classes defined over k. We 
show that this set corresponds to the kernel 



where Q w is the local Galois group (see prop. I5.14|) . 

Section I5TT1 is devoted to the study of the relation between integral cohomol- 
ogy and genera, ie., how cohomology can be used to study sets of lattices that 
become isometric over some extension. This is expressed in terms of the notion 
of cohomological genus. In particular, we recover the results in 

2 Notations. 

In all of this article, k,K,E denote number or local fields of characteristic 0, 
or algebraic extensions of them. If k is a number field, II(fc) denotes the set of 
places of k. 

Remark 2.1. By an algebraic group, we mean a linear algebraic group. All 
algebraic groups are assumed to be subgroups of the general linear group of a 
vector space V, of finite dimension, over a sufficiently large algebraically closed 
field f2 of characteristic 0. We assume that all localizations of number fields 
inject into f2. G denotes an algebraic group over ft. GL(V), SL(V) denote 
the general and special linear groups over Q. When we work over a fixed local 
or number field fc, we say that G is defined over k if the equations defining G 
have coefficients in k (see section 2.1.1 in 10 ). This is the case for all groups 
considered here. For any field E, k C E C f2, we write Ge for the set of i^-points 
of G, e.g., if G — GL(V), the set of E points is denoted GL E (V). The same 
conventions apply to spaces and algebras. All spaces and algebras are assumed 
to be finite dimensional. 

Exceptions to this rule are the multiplicative and additive groups. We denote 
the multiplicative group fl* by G m , and the additive group O by G a , when 
considered as algebraic groups. For the set of fc-points we write k*,k. Instead 



The orthogonal group of a quadratic form Q on V is written O n (Q) or 
O n (Q, V), where n — dimn(V). The set of -E-points is denoted O n .E{Q). 

The field on which a particular lattice is defined is always written as a 
subindex. If K/k an extension of local or number fields and A& is a lattice in 
Vfe, Ak denotes the O^-lattice in Vk generated by A&. 

If G is an algebraic group acting on a space V, both defined over k, and A& is 
a Ofc-lattice on Vk, the stabilizer of A& in Gk is denoted G^. If G = GL(V), this 
set is denoted GL^(V). Similar conventions apply to special linear or orthogonal 
groups. 




of (G m ) fc , (G a )fe. 
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Remark 2.2. Whenever K/k is a Galois extension of a number field k, and 
v a place of k, w denotes a place of K dividing v. We assume that one fixed 
such w has been chosen for every v. This convention is also applied for infinite 
extension, e.g., K = k. 

Remark 2.3. Gx/k denotes the Galois group of the extension K/k. If there is 
no risk of confusion, we write simply Q. If K is not specified, we assume K = k. 
If k is a number field and v G II(fc), we also use the notation Q w = GK w /k v - 

If r is a group acting on a set S, S/T denotes the set of orbits and S T the 
set of invariant points. The action of 7 G T is denoted s 1-4 s 7 , for s G S. 



3 Review of Galois cohomology. 

In this section we recall some of the cohomology results that we need. The 
results in this section are found in chapter 1 in [5], and p. 13-26 in [lOj . 

Definition 3.1. Let Q be a finite group, A a group provided with a ^-action. 
H 1 (Q, A) is defined as the quotient 

H l {G, A) = {a : Q h-> A\a(hg) = a(h)a(g) h \ / = 

where a = /3 if and only if there exists a € A such that a(g) = a^ 1 (3(g)a 9 for 
all ,g G Q. \iQ acts trivially on A, then if 1 ((7, A) = Hom(C?, A) /A, where A acts 
by conjugation. In what follows we write a g instead of a(g). 

In case that A C B is a subgroup, there is a long exact sequence 

— > A Q — > B* 3 — > (B/Af — > ff 1 ^,^) — > H\g,B), 

and furthermore, under the natural action 0of B g on (B/A) g , 

{B/Af/B G = ker (jf 1 ^ A) — > i/ 1 ^, B)) . (1) 



To simplify notations, in all that follows we assume that whenever a sequence 
of pointed sets 

... — >U — >V — >W — > X — >Y — > Z 

is written, X, Y, Z denote pointed sets, W, V, U, . . . denote groups, and W acts 
on X with 

X/W ker(Y — > Z). 
If A is normal in B, we have in the sense just described a long exact sequence 

A s B Q (B/Af (2) 



H\g, A) ^H\g.B) ^ H x {g,B/A). 



1 This result is not found in [5], but can be found in |10] p. 22. 
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In case A is central in B, the higher order cohomology groups for A are also 
defined, and we have a long exact sequence 







A Q 



B s 



(B/Af 




c 



H 1 



H 1 



(G,B) 



H 1 



(G, B/A) 




c 



H 2 



Finally, if A and B are both Abelian this sequence extends to cohomology of 
all orders (see [13] or [6]). All results of this section can be extended via direct 
limits to profinite groups acting continuously on discrete groups (see [13] . p. 9 
and p. 42). 

We are specially interested in the case in which Q is the Galois group Gx/k 
of a possibly infinite Galois extension K/k, where k is a local or number field. 
In what follows, the subgroups A,B,... are groups of algebraic or arithmetical 
nature. 

The following is a known fact, (see [S], ex. 1, p. 16). 

Proposition 3.2. For any finite dimensional algebra A, defined over k, and 
any algebraic extension K/k, it holds that H 1 (Qji/j c , A* K ) = {1}. 

Example 3.3 (Hilbcrt's theorem 90). GL K {V) ^ (End K (F))*. Therefore, 



t is said to be defined over k, if t{V® ) C y® m . All tensors mentioned in this 
work are assumed to be defined over k. GL(V) acts on the set of tensors of type 
(l,m) by g(r) — g® m or o (g® 1 )" 1 . It makes sense, therefore, to speak about 
the stabilizer of a tensor. 

Let I be any set. By an /-family of tensors, we mean a map that associates, 
to each element i s /, a tensor of type (rii,mi). GL(V) acts on the set of 
all /-families by acting in each coordinate. In all that follows, we say a family 
instead of an /-family unless the set of indices needs to be made explicit. Let 
1 be a family of tensors and H — S*ta6 Gi (y)(T). Then, H is a linear algebraic 
group. 



Hi(g,GL K (V))={l} 



4 Tensors and K/k- forms. 



By a tensor of type (l,m) on V, we mean an fi-linear map r : V® 1 
where 




7" 



i/ 8r = 0y for r > i, v m = a 
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If K/k is a Galois extension with Galois group Q, we get an exact sequence 

{1} — > H K — ► GL K (F) — ► X A - — ► {1}, 

where JTr- is the GL^ (V)-orbit of X. It follows from (JTJ, and example 13.31 
that A"£/GX fc (V) = H 1 (Q,H K ). The elements of X^/GL^) can be thought 
of as isomorphism classes of pairs (V/, X') that become isomorphic to (14, X) 
when extended to K. These classes are usually called i-T/Zc-forms of (V,%), or 
just fc-forms if K = k. Observe that two vector spaces of the same dimension 
are isomorphic, so we can always assume that the vector space V, in which all 
tensors are defined, is fixed. 

Definition 4.1. We call a pair (V,X), where T is a family of tensors on V, a 
space with tensors, or simply a space. By abuse of language, we identify (V, X) 
and (V, X') whenever 1, X' are in the same GL k (V)-orbit, i.e., if they correspond 
to the same K/k-iarm. We say that (V, X') is a K/k-form of (V, X), if X and X' 
are in the same GL K {V) orbit. 

Example 4.2. Let Q be a non-singular quadratic form on the space V. Then, 
O n {Q) — Stab GL ( V j(Q). Equivalence classes of non-singular quadratic forms on 

Vk are classified by H 1 (q, O n k(Q)j ■ A space, in this case, is what is usually 
called a quadratic space. 

5 Lattices. 

Let k be a local or number field, K/k a Galois extension, G C GL(V) an 
algebraic group defined over k, a lattice on T4, a ^-invariant lattice on 
V K - Let Q = Q K /k- 

Proposition 5.1. If there is an element tp e Gk such that ip(Lx) = Ak> 
then a a = Lp a ip^ 1 is a cocycle, and its class in H 1 (g, G K ) is independent of the 
choice of if, depending only on the orbit of Lk under Gk ■ The correspondence 
assigning, to every such Gk-orbit of Ok -lattices, an equivalence class of cocycles, 
is an injection. The image of this map is 

ker^^Gi) ^ H\Q,Gk)), 
where i is the inclusion. 

Let X be the orbit of A a-. 
>{!}• 

■>H\g,G K j). a 



Proof. Gk acts on the set of -lattices in Vk- 
We have an exact sequence 

{1} — > G K — > Gk — ► X — 
Hence, by Q, we get X G /G k = ker (h^Q, G k ) - 



G 



Example 5.2. Using the fact that H 1 \Q, GL K (V)J = {1}, we obtain that 
the set of GL fc (V)-orbits of (/-invariant Ox-lattices isomorphic to Aa- is in 
correspondence with H 1 (g, GL K (V)j . 

If G is defined as the stabilizer of a family of tensors, e.g., the unitary group 
of a hermitian form or the automorphism group of an algebra, we get a more 
precise result. 

Recall that in section 0] we identified K / fc-forms of (V, 1) with the corre- 
sponding GL fc (V)-orbits of families of tensors. 

Definition 5.3. Let (V, T) be a space. A lattice in (Vk,1) is a pair (A^T), 
where A^- is a lattice in Vk- GL k (V) acts on the set of pairs (A^,T'), for 
all families of tensors 1', by acting on each component. Two lattices (Ax,X), 
{Lk , 2') are said to be in the same space if T, T' are in the same GL k (V)-ovbit. 

Proposition 5.4. Assume that G is the stabilizer of a family of tensors T on V . 
The set H 1 (Q, G K ) is in one-to-one correspondence with the set of Gk- orbits of 
Q-invariant OK-lattices in the same Gn-orbit, in all spaces that are K/k-forms 
of (V, T). The kernel of the map 

where i is the inclusion, corresponds to the subset of orbits of lattices that are 
in the same space as Ak- 



Proof. We have an action of GL K (V) on the set of all pairs (L^-,T'), where 
Lk is a lattice and %' an /-family of tensors with a fixed index set /. If T is 
the orbit of ( A^ , T) , we have a sequence 

{1} — > G K — > GL K {V) > T ► {1}, 

and the same argument as before applies. Last statement follows from the fact 
that spaces (Vk, 2"') are classified by H x (Q K /ktGK), (see section|3]or 0, p. 15). 

□ 

Remark 5.5. Recall that Ak = Ak <8>o fc Ok- If Lk is in the same G^-orbit 
as Ak, Lk — Lk ®o k Ok, since Gk also acts on Vk- Recall that we defined 
the cocycle corresponding to L by the formula a a — ip^tp" 1 (see prop. 15. ip . 
This definition does not depend on G, as long as <p G G. It follows that the 
set of Gfc-orbits of lattices in Vk that are isomorphic as O^-modules, and whose 
extensions to K are in the same Gk orbit, corresponds to 

kcv ^H\g,G K ) ~^ H\g,G K ) x H^g^GLKiV))^. (3) 

In the case that G is the stabilizer of a family of tensors, 

ker (h\Q, G^^H 1 (g, GL k (V)) ) 
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corresponds to the set of Gfc-orbits of such lattices in all spaces that are K/k- 
forms of (V,Z). 

Example 5.6. If A& is free, ([3]) corresponds to the set of Gfc-orbits of free 
lattices on Vk, whose extensions to K are in the same Gk -orbit. 

Definition 5.7. We say that an C^-lattice Ak is defined over k, if Ak — 
Ok ®o k Ak for some A^. We say that Ak is a k-free lattice, if A& is free. 

Assume first that G is the stabilizer of a family of tensors. 

Definition 5.8. Let a S iJ 1 (^,G^-). We say that a is defined over k, k-hee 
or in (V,1) if some (hence any), lattice in the class corresponding to a has this 
property. Define 

£ d JG,K/k,A) = {a e H 1 (g,G K )\a is defined over k}, 
£ tt (G,K/k,A) = {a e £tet{G,K/k,A)\a is fc-free}, 
£ v (G,K/k,A) = {a e H 1 (G, G K )\a is in (V K ,1)}, 
CXJG,K/k,A) = £ v (G,K/k,A)n£ dcl (G,K/k,A), 
C%(G,K/k,A) = £ v {G,K/k,A)n£ {r (G,K/k,A). 

Let 

Fi : H 1 (Q, G K ) — > H 1 (Q, Gk), (4) 

F 2 :H\g,G K )^H\G,GL K {V)), (5) 

be the maps defined by the inclusions. Then, we have the following proposition: 

Proposition 5.9. Assume that A& is free. The following identities hold: 

£ v (G,K/k,A) = ker.Fi, 
£ tt (G,K/k,A) = kerF 2 , 
£%(G,K/k,A) = kerFi nkerF 2 .D 

Later, we give a similar interpretation to £ dat . 
Example 5.10. 

£ b (O n (Q), k/k, A) = ker (h 1 ^, 0^- k (Q)) — > H 1 (g, GL$(V))j 

is in correspondence with the set of isometry classes of free quadratic lattices 
that become isometric to A& over some extension. 

Remark 5.11. Notice that £ v ,£&&■, £& can be defined, even if G is not the 
stabilizer of a family of tensors, as follows: 

£ v {G,K/k,A) = ker (ff 1 ^, G£) — ► jT^a, G K )) , 

a is defined over k\, 
a is free | . 

In this case, the first and last identities of proposition 15 .91 still hold. Notice that 
we can still interpret £ v as a set of equivalence classes of lattices, because of 
proposition 15. II 



CXJG,K/k,\) = | a G £ V {G, K/k, A) 
£l(G,K/k,A) = la G £ v (G, K/k, A) 
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The set H 1 (Q, Uk) and the ideal group. Let k be a local or number field, 
K/k a finite Galois extension. Let Q — Qk/u, an d let Uk = 0* K denote the 
group of units of Ok- 

For any local or number field E, let Ie be its group of fractional ideals, Pe 
the subgroup of principal fractional ideals. There is a natural map a : I k — > Ik 
defined by a{A) = A(g) Ok- Clearly a(Pk) Q P K , so we get a map a' : 
h/Pk -> Ik/Pk- 

We apply the general theory to = Ok, G = G m . Any A 6 K* acts by 
A i y \A, for A £ Ik, whence G K = Uk- It follows that, 

H\g,U K ) = (PK) S /a{P k ). 

Non-zero prime ideals of Ok form a set of free generators for Ik (see [7], p. 
18). Let A € Ik- We can write 

.a= n (R^)). 

pen(fc) p| P 

If A is ^-invariant, all the powers (3(V) corresponding to prime divisors of the 
same prime of k must be equal. In other words: 

a = n (ip)" (p) > ( fi ) 

pen(fc) p| P 

where /3(p) is the common value of j3{V) for all dividing p. This ideal is in 
a(Ik) if and only if the ramification degree e p divides /3(p) for all p. Hence, we 
have an exact sequence 

— >kcr a' — ► (P^) e /a(P fc ) — > J] (Z/e p ), 

pen(fc) 

where the image of the last map corresponds to those ideals of the form ([6]) 
that are principal in K. The image of kera' is what we call £ def (G, K/k, A). 
In particular, since all ideals become principal in some extension, we can take 
a direct limit, to obtain the long exact sequence: 

Q^h/Pk^H 1 ^^)^ [] W/Z)^0. 

pen(fc) 

A refinement of this argument gives 

H'iGk/k, U h ) £ (J fc ® z Q) / (P k ® z Z) , £ dcf (G, K/k, A) = 4/P fe . 

Recall remarks 12.21 and \2. 31 Assume k is a number field. There exist natural 
localization maps 

F v : H\g,G K ) -> H\Q W ,G K J, 
defined by inclusion and restriction. We define G K — Gk w if w is Archimedean. 
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Lemma 5.12. Let F\ : H 1 (g,G K ) — > H 1 (Q,Gk) be the map induced by the 
inclusion. If the natural map 

T :H l {g,G K )^ H H x {Q w ,G Kw ) 
uen(fc) 

is injective, then ker F± D f] v ker F v . 

Proof of lemma. Immediate from the following commutative diagram: 
H\G, G*) ^ H\G, G K ) 

ix h 1 (g w , G* w ) — - n„ 1 (&> , g Kw ) .□ 

Remark 5.13. If the hypothesis of this lemma is satisfied, one says that G 
satisfies the Hasse principle over k. 

Characterisation of C det . £ dot (G, K/k, A) is the set of equivalence classes 
of lattices defined over k that become isomorphic over K. A lattice Lk is defined 
over k if and only if it is generated by its fc-points, i.e., 

L K = K (L K nV k ). 

This is a local property, being an equality of lattices. On the other hand, for 
any local place v, all lattices defined over k v <ix6 ky- free, i.e., 

C del (GL(V),K w /k v , A) = C b (GL(V),K w /k v , A). 

The following result is immediate from this observation. 
Proposition 5.14. 



C dat (G, K/k, A) =kex (h\Q,G k ) -^H^^^L^JV) 

5.1 Genus and cohomology. 

Assume that In all of section HOI k is a number field. 
Definition 5.15. Let F v be the localization map. Define 

C gm {G,K/k,A) =ker \Jl F ^ ■ 

We call this set the cohomological genus of A with respect to G. 
Proposition 5.16. For any linear algebraic group G, it holds that 
C sc JG,K/k,A) C C d9t {G,K/k,A). 



.□ 
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Proof. This follows from proposition 15.141 and the commutative diagram 




rUn (fc) H 1 (G w , ) * n,en (fe ) H 1 (g w , GL^ w {V)).U 

Remark 5.17. Assume G is the stabilizer of a family of tensors. This result tells 
us that the cohomological genus corresponds to a set of equivalence classes ol 
lattices defined over k. In fact, a € C eB „(G,K/k,A) if and only if a corresponds 
to a lattice, in some K/k-iorm of (V, T), that is in the same G/^-orbit, at every 
place v. 

Definition 5.18. We define the T^G-genus of Aj, by the formula 

VC sea (G,K/k,A) = C Rcn (G,K/k,A)nC v (G,K/k,A). 
In other words, it is the kernel of the map 

H\g,G^)^H\g.G K )x [] H\g w ,G^J. (7) 

ven(k) 

Let G be an arbitrary linear algebraic group. The VG-genus corresponds to 
a set of Gfc-orbits of lattices in Vfe. In fact, it corresponds to a subset of the 
set of double cosets Gk\GA k /G^ k , i.e., the genus of G (see [TD], p. 440). In 
particular, the following proposition holds. 

Proposition 5.19. If G has class number 1 with respect to a lattice Aj,, then 
rTJ) has trivial kernel for every Galois extension K/k (compare with corollary 4 
on p. 491 of [10}).U 

This, in particular, applies to a group having absolute strong approximation 
(see [10]). However, we have a stronger result. 

Proposition 5.20. If G has absolute strong approximation over k, the map (?[) 

is injective. 

Proof. Recall remark I2T21 Let Mk,Lk be two C/-invariant Ok -lattices 
in Vk-i that are locally in the same G/^-orbit for all v. Then, we can choose 
elements a v £ Gk v , such that a v Mx m — Lk w for every place v, and o~ v = 1 at 
all but a finite number of places. Now, any global element <r, close enough to a v 
at all finite places where <r„ ^ 1, and stabilizing Mx m — Lr w a t the remaining 
finite places, satisfies o~Mx = L^, as claimed. □ 

The following result is just a restatement of lemma 15. 121 

Proposition 5.21. If G satisfies the Hasse principle over k, then 
VC eon {G,K/k,A) = C sm (G,K/k,A).n 
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This result tells us that, in the presence of Hasse principle, the cohomological 
genus corresponds to a subset of the genus (compare with [11], thm 3.3, p. 198). 

Let G C GL(V) be a semi-simple group with universal cover G and funda- 
mental group Let K — k. The short exact sequence 

{1} — > M „ -^G K ^ G*r — > {1}, 

defines a map : G fc — > H l {Q,F) = k*/(k*) n . 

Let Afc be any lattice in 14 . The following proposition holds. 

Proposition 5.22. With the above notations, VC s< , a (G,K/k,A) is in one-to- 
one correspondence with the genus of G (compare with theorem 8.13 in |10| . p. 
490). 

Proof. It suffices to show that any two Gfc-orbits in the same genus are 
identified over some extension. Without loss of generality, we assume k is non- 
real. It suffices to check that they are in the same spinor genus (see [2]). Spinor 
genera are classified by 

j fe /jp*e A (Gt), 

where (GjM is the image of the local spinor norm (se^l [I] or [5]). This is a 
finite set, and the representing adeles can be chosen to have trivial coordinates 
at almost all places. Therefore, it suffices to take an extension that contains the 
n-roots of unity, and n roots of a finite set of local elements. □ 

This result allows us to use cohomology to study the genus of any Semisimple 
group. 

6 Determinant class of a lattice. 

Let [A] be the A:*-orbit of the Oif-ideal A. Assume that 

A fe = o k e . . . © o k . 

" v ' 

n times 

The map det* : H 1 (g, GL K (vfj — > H l (g,U K ) is the map induced in 
cohomology by the determinant. It is surjective, since det has a right inverse. 
However, in general it is not injective, as the example below shows. 

Definition 6.1. Let Lk be a C/-invariant lattice in Vk, and let a be the cocycle 
class corresponding to the GL k (y)-orbit of Lk- We define the determinant class 
of Lk, which we denote det*(L^ ), by: 

deU{L K ) = det*(o) £ H\g,U K ) S P K /a{P k ), 

and we identify it with the corresponding ideal class. 

2 The case of an orthogonal group is already considered in [3]. 
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Example 6.2. Using the standard embedding GL(V) x GL(W) — > GL(V © 
W), it is easy to prove that det*(A#r©£;f ) = dct»(A#- )det*(L_R:)- In particular, 
we obtain that det»(A © ... © AO = [A • • ■ A]- 

Assume k C K are local fields with maximal ideals p, V . Assume that 
pO K = V e . Then, 

det r ( V S) . . .®V ) = [P e ] = 1 = dcU( Q K © © Q K ) , 

e e 

but the latter lattice is defined over k and the first one is not. 

Let £ dot = C dot (GL(V), K/k, A). We have the following result: 
Lemma 6.3. £ dcf n ker(det») = {1}. 

Proof of lemma. This follows from the fact that all fc-defined lattices are of 
the form AffiCfeffi- • -ffiCfc (see [5], (81:5)). It can also be proved by a diagram 
chasing argument. □ 

Now observe that, for any algebraic group G C GL(V), we have 

C dBt (G,K/k,A) = i- 1 (C dai ), 

where is the cohomology map induced by the inclusion. 

Proposition 6.4. If G Q SL(V), then i' 1 ^^) = ker(i,). 

Proof of proposition. It is immediate from the commutative diagram 



det, 
H 1 {G 1 Uk) 

that im(i*) C ker(det*). Now recall lemma 16731 □ 

In particular, such a group cannot identify a free lattice to a non-free k- 
defined lattice over any extension, although it can identify a free lattice to a 
non-fc-defined lattice. 

In this description of £ fr is equivalent to a description of £ dcf , hence 

£ dof (G, K/k, A) can be described without resorting to localization. 
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7 Example: Commutative algebras 



Let Ak = k n as a fc-algebra. This is a space with a tensor of type (2, 1). Then, 
the group of automorphisms of Ak is the symmetric group S n for any algebraic 
extension K/k. Asume henceforth that K is an algebraic closure of k. 

The fc-forms of A are all semisimple commutative fc-algebras. This set is 
classified by H 1 (Q 1 S n ) = Hom(Q, S n )j = , where = denotes the conjugation (as 
an equivalence relation). Recall that any semisimple commutative algebra is a 
sum of fields. If ip is the map that corresponds to an algebra L k = ® . L^fc, a 
simple computation shows that there is correspondence between the fields 
and the orbits of im^). 

Let Rk denote an Ofe-subalgebra of Ak (not necessarily with 1) of maximal 
rank as a lattice. Let L = S^. Then, the image of the map H 1 (Q,T) — > 
H 1 (G,S n ) corresponds to the set of isomorphisms classes of algebras whose 
extensions to K contain a ^-invariant algebra isomorphic to Rk- In particular, 
this includes all lattices defined over fc, i.e., all (Dfc-algebras whose extensions to 
K are isomorphic to Rk- 

Example 7.1. If T is not transitive, then no field can contain an C^-algebra 
whose extension to K is isomorphic to Rk- This is the case for example of the 
algebra R k = O™ -1 © A or R k = {a e O k 1 \a n - 1 - a n e A} if A is an ideal 
different from (1), and n > 3. 

Remark 7.2. All result in this paper apply also to lattices over rings of S- 
integers. Absolute strong approximation must be replaced by strong approxi- 
mation with respect to S. 
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